In this paper, a polycrystalline model is proposed to describe the fatigue behaviour of metallic materials in the high cycle fatigue regime. The model is based on a multiscale approach, which allows the connection of local deformation and damage mechanisms to macroscopic behaviour. To consider the anisotropy of plastic properties, the constitutive model is developed at the grain scale within a crystal plasticity framework. A phenomenological approach, which requires the introduction of a damage variable for each slip system, is used to account for the anisotropic nature of damage. The constitutive model is then integrated within a self-consistent formulation to consider the polycrystalline nature of metallic materials. Finally, the proposed model is used to describe the high cycle fatigue behaviour of a medium carbon steel (0.35% C). With a proper adjustment of material parameters, the model is capable of correctly reproducing fatigue test results, even for complex loading conditions (multiaxial, non-proportional). According to the model, damage is found to be highly localized in some specific grains. Also, while fatigue damage results in a progressive decrease in elastic stiffness at the crystal scale, the elastic properties are not significantly affected at the macroscopic scale. The model is used to study the correlation between energy dissipation and fatigue damage. According to the numerical results, no evident correlation between fatigue damage and energy dissipation is observed.
Introduction
For metallic materials, fatigue behaviour in the high cycle fatigue regime is importantly influenced by microstructural heterogeneities (McDowell, 1996; Suresh, 1998) . Indeed, for such materials, depending on the local microstructural features (e.g. crystallographic orientation, grain shape, defects), large fluctuations of the stress field are usually observed. As a result, although macroscopic behaviour is essentially elastic during high cycle fatigue loadings, it is possible for important plastic strains to accumulate locally, perhaps resulting in the nucleation of fatigue cracks. However, as noted by Przybyla et al. (2010) , the investigation of the processes leading to the nucleation and propagation of fatigue cracks is complex because such phenomena involve different length scales, corresponding to different types of interaction with microstructural heterogeneities.
Computational methods, which allow the study of specific microstructural configurations, are a possible way towards a better understanding of the role of microstructure on the mechanisms governing crack initiation and crack propagation. Indeed, the development of polycrystalline models has offered some new possibilities for investigating and quantifying the role of microstructural heterogeneities. For instance, McDowell (2007) and Przybyla et al. (2010) have developed some microstructure-sensitive models for high cycle fatigue to include the influence of both loading conditions and microstructure variability. Bennett and McDowell (2003) and Repetto and Ortiz (1997) have used computational crystal plasticity methods to obtain statistical information concerning the dependence of the nucleation process regarding crystallographic orientation. The influence of internal length scales on fatigue crack initiation has been investigated with strain-gradient based plasticity models by Dunne et al. (2007) and Sweeney et al. (2013) .
An alternative method of describing the influence of microstructure on high cycle fatigue behaviour is based on continuum damage mechanics. Continuum damage mechanics allows for consideration of the degradation of mechanical properties by explicitly introducing some damage variables in the constitutive relations (Lemaitre, 1996) . However, although high cycle fatigue damage is characterized by a strong spatial localization, very few damage models were developed within the context of crystal plasticity. Monchiet et al. (2006) developed a damage model that assumes the initiation of microcracks along persistent slip bands to result from the production and the agglomeration of vacancies. The approach of Huyen et al. (2008) is based on the introduction of a damage variable for each slip system to account for the directional nature of damage. Nevertheless, although different numerical studies have emphasized the importance of elastic anisotropy in the crack nucleation process within the high cycle fatigue regime (Robert et al., 2012; Sauzay and Gilormini, 2002) , this aspect is ignored in the aforementioned studies. Also, while the initial orientation of fatigue cracks is strongly dependent on the crystallographic orientation, the anisotropic nature of damage is often not considered.
In this work, a polycrystalline model is developed to describe the influence of microstructural heterogeneities on the high cycle fatigue behaviour of metallic materials. This model, whose development is based on continuum damage mechanics, aims at integrating (i) the anisotropic nature of damage and (ii) the influence of elastic anisotropy. This paper is structured as follows. The first part is dedicated to the description of the polycrystalline model. The model is based on a multiscale approach that allows connection of local deformation and damage mechanisms to macroscopic behaviour. To consider the anisotropy of plastic properties, the constitutive model is developed at the grain scale within a crystal plasticity framework. A phenomenological approach, which is based on continuum damage mechanics, is used to introduce fatigue damage within the constitutive relations. Finally, to account for the polycrystalline nature of metallic materials, the constitutive model is incorporated within a self-consistent formulation. In the second part of this paper, the model is used to describe the high cycle fatigue behaviour of a medium carbon steel (0.35% C). The studied material is briefly described and the experimental dataset, which was obtained by Flacelie`re et al. (2007a,b) , Gadouini et al. (2008) and Vu (2009) , is presented. The parameter identification procedure is then detailed. Finally, the model is used to investigate the spatial localization of fatigue damage, as well as the coupling of fatigue damage with both elasticity and plasticity.
Model description

Local constitutive model
Considering a single crystallite, the adoption of the infinitesimal strain theory allows the strain tensor e to be decomposed into elastic (superscript e) and plastic (superscript p) contributions
At each time t, the state of the crystallite can be defined with an appropriate set of state variables. If we restrict ourselves to isothermal processes, the infinitesimal strain tensor e is chosen as the sole observable state variable. The plastic strain tensor e p is taken as an internal variable. Also, for a given slip system (say s, with s ¼ 1 to N), whose orientation is specified from the slip plane normal n s and the slip direction m s , some additional internal variables are introduced. The variables q s and y s are, respectively, associated with isotropic and kinematic hardening and the variable d s (with d s 2 [0, 1]) corresponds to damage. The introduction of a damage variable for each slip system is a concept first proposed by Saanouni and Abdul-Latif (1996) , and has been further developed by Abdul-Latif and Mounounga (2009), Chadli and Abdul-Latif (2005) and Mounounga et al. (2001) .
The definition of the driving forces associated with the different state variables is obtained from a thermodynamic potential. In this work, the thermodynamic potential is given by the Helmholtz free energy density , whose expression is
where is the mass density, c is the elastic stiffness tensor, Q and A are the isotropic and kinematic hardening moduli, respectively, and H is a N Â N matrix, which is used to describe self and latent isotropic hardening. The anisotropic nature of damage is captured through the dependence of the elastic stiffness tensor c regarding the damage variables. To evaluate how elastic properties (i.e. the capacity to transmit internal forces) are impacted by damage, a damage tensor d s of order 4 is introduced for each slip system s. The damage tensor d s is defined as a function of the scalar damage variable d s according to
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where p s is a unit vector such that p s ¼ n s Â m s , Z is a material parameter describing the shear stress sensitivity and h s is a function accounting for closure effects
The elastic stiffness tensor c is then calculated as a function of the damage tensors according to
wherec is the initial elastic stiffness tensor (corresponding to an undamaged configuration) and 1 is the fourth-rank identity tensor. According to this definition, the elastic stiffness tensor is necessarily symmetrical and positive definite. Also, this formulation assumes that, for a damaged system, both the Young modulus and the shear modulus are reduced in some specific directions, depending on the slip system orientations. The proposed approach is thus designed to describe the nucleation and propagation of fatigue cracks along persistent slip bands. It would be inappropriate for some other initiation mechanisms.
The driving forces associated with the different state variables are given by the derivatives of the thermodynamic potential regarding the corresponding state variables
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where r is the stress tensor, r s and x s are the shear stresses associated, respectively, with isotropic and kinematic hardening and Àf s is the driving force for damage. It is worth noting that, following the approach of Lemaitre (1996) , the driving force for damage corresponds to the elastic strain energy release rate.
To consider how damage affects mechanical behaviour, a common strategy consists of adopting a strain equivalence approach to define the effective stress state (Lemaitre, 1996) . In this work, an alternative method, which is based on a free energy equivalence principle (Cordebois and Sidoroff, 1979; Saanouni and Abdul-Latif, 1996) , is employed. According to this method, an effective strain tensorẽ and an effective plastic strain tensorẽ p are introduced to define an equivalent undamaged crystal, for which the free energy density is the same as the damaged crystal that has been considered so far
For equations (2) and (11) to be equivalent, the effective total and plastic strain tensors must satisfy the following equalitiesẽ
The effective stress tensorr is then given by:
The effective stress state can be used to establish the evolution laws associated with the different internal variables. For an undamaged crystal, the plastic deformation process results from a shear mechanism. Within a crystal plasticity framework, it is therefore possible to express the effective plastic strain rate as a function of the effective shear rates _ s associated with the different slip systems
where l s is the symmetric part of the Schmid tensor
The effective plastic shear rate _ s associated with the slip system s is connected to the corresponding effective resolved shear stress s , the kinematic shear stress x s and the isotropic stress r s , according to the viscoplastic flow rule proposed by Me´ric and Cailletaud (1991) 
where K is a viscosity parameter, N is the strain rate sensitivity parameter, R 0 is the initial value of the critical shear stress and s is the effective resolved shear stress
The evolution of the isotropic and kinematic hardening variables is given by the following non-linear rules
where B and D are material parameters. Such hardening rules are well suited for materials exhibiting a stabilized cyclic behaviour. They would have to be modified for other types of cyclic behaviour. The evolution of damage is described according to a rate-dependent type of relation
This relation, for which W, M and P are material parameters, assumes a strong coupling between damage and plasticity, since damage develops only in the presence of a plastic activity. Indeed, following the idea of Lemaitre and Chaboche (1994) , damage is governed by the most dissipative mechanism, which, in this work, is plastic slip. Considering the damaged crystal, the actual plastic strain rate tensor is obtained by combining equations (13) and (15) _
Since the constitutive model does not fall into the category of generalized standard models, the positivity of the intrinsic dissipation source must be verified. The intrinsic dissipation source d 1 ¼ r : _ e À _ is given by
With the evolution equations (15) to (21), the intrinsic dissipation source is necessarily positive. According to the expression of the dissipation source, for a given slip system, both plasticity and damage contribute to heat dissipation. Also, the plastic work, whose rate is given by s _ s , is not entirely dissipated as heat. Indeed, some elastic strain energy is stored within the material, mostly because of the internal stresses associated with metallurgical defects (e.g. dislocations, vacancies). Since kinematic hardening and isotropic hardening are governed by the multiplication and organization of metallurgical defects, the energy storage rate is represented with the terms r s _ q s and x s _ y s .
Self-consistent model
Considering a polycrystalline material for which it is possible to define a representative volume element V, it is now necessary to integrate the constitutive model within a multiscale framework.
Since polycrystalline aggregates can be conceived as a disordered collection of crystallites that are perfectly bonded to each other, the self-consistent method is appropriate for computing the effective behaviour. In this work, the self-consistent model proposed by Mareau and Berbenni (2015) , which is briefly described here, is used. As shown in Robert and Mareau (2015) , this model provides reasonable estimates of the effective behaviour of polycrystalline aggregates within short computation times.
Within the infinitesimal strain framework, the strain rate tensor associated with a given crystallite is decomposed into elastic and plastic contributions
To apply the self-consistent method, the elastic and plastic constitutive relations are rewritten in the following affine form
where s (¼c À1 ) and m (¼b À1 ) are the tangent elastic and viscoplastic compliances tensors, respectively, and _ a and _ g are the back-extrapolated elastic and viscoplastic strain rate tensors, respectively. In these relations, the presence of the back-extrapolated elastic and viscoplastic strain rates results from the non-linear character of the elastic and plastic constitutive relations. The viscoplastic compliances tensor is obtained from a first-order Taylor expansion of the flow rule
The back-extrapolated strain rate tensors _ a and _ g are given by
The approach of Mareau and Berbenni (2015) involves first finding, independently, the effective elastic properties and the effective viscoplastic properties. Indeed, treating crystallites as ellipsoidal inclusions and temporarily considering a purely elastic behaviour (i.e. _ e ¼ _ e e ), the application of the self-consistent method enables calculation of the effective elastic compliance tensor S ¼ C À1 and the effective back-extrapolated elastic strain rate tensor _ A. For the purely elastic problem, the effective properties C and _ A are given by
where x denotes the average of the quantity x over the representative volume element. The elastic strain localization tensor a C is computed according to
The modified Green operator ! C associated with the equivalent elastic homogeneous medium is determined quite easily from the solution of an Eshelby inclusion problem (Eshelby, 1957) . In a very similar fashion, when a purely viscoplastic behaviour is considered (i.e. _ e ¼ _ e p ), the effective viscoplastic compliance tensor M ¼ B À1 and the effective back-extrapolated viscoplastic strain rate tensor _ N can be determined with the self-consistent method
The viscoplastic strain localization tensor a B is obtained by
where ! B is the modified Green operator associated with the equivalent viscoplastic homogeneous medium. According to the formulation of Mareau and Berbenni (2015) , the self-consistent solutions obtained for the elastic and viscoplastic heterogeneous problems can be combined to solve the complete (i.e. elastic-viscoplastic) heterogeneous problem. This strategy allows for computation of the average strain rate tensor for each crystallite with the following localization rule
where E is the prescribed macroscopic strain tensor and D is the macroscopic stress tensor. The effective response of the representative volume element is given by the macroscopic stress rate _ D, which is obtained by combining the classical averaging relation of homogenization theory _ D ¼ _ r with the constitutive relation, equation (25), and the localization rule, equation (37).
Because of the limitations of the self-consistent approximation, the proposed model is developed for materials for which fatigue damage is essentially an intragranular process. Indeed, the selfconsistent formulation underestimates the influence of neighbouring grains (Robert and Mareau, 2015) , so internal stresses near interfaces are not accurately evaluated with this formulation. The application of the model to materials for which the fatigue behaviour is significantly impacted by grain or twin boundaries would therefore be inappropriate.
Application to a medium carbon steel
Material description
To test the validity of the proposed model, the fatigue behaviour of a medium carbon steel (SAE 1035) was studied. The experimental results used for the present application were extracted from the work of Flacelie`re et al. (2007a,b) , Gadouini et al. (2008) and Vu (2009) . The chemical composition is given in Table 1 and the mechanical properties, obtained for quasistatic uniaxial loading conditions, are listed in Table 2 . The material is two-phased (ferrite and cementite), with a volume fraction of proeutectoid ferrite of about 55% and a volume fraction of pearlite of about 45%.
The microstructure consists of equiaxed grains with an average size of approximately 20 mm for ferrite and 15 mm for pearlite.
In this work, the simulations were performed with a polycrystalline aggregate consisting of 1000 spherical grains with random crystallographic orientations. The behaviour of ferritic grains is described with the constitutive model presented in the first part of this paper. Both the f110}h111i and f112}h111i slip systems were considered for the viscoplastic behaviour of the ferritic phase. For pearlitic grains, a specific treatment was adopted. Indeed, because pearlite is a lamellar aggregate of cementite (superscript c, volume fraction 12%) and eutectoid ferrite (superscript a, volume fraction 88%), it is necessary to partition the strain tensor between both phases. In this work, an upper bound estimation, which assumes an uniform strain state within pearlitic grains, was used
A purely elastic behaviour was assumed for both eutectoid ferrite and cementite. The stress tensor associated with pearlitic grains is thus obtained with the averaging relation
Experimental data
To determine the elastic-plastic cyclic behaviour, Gadouini et al. (2008) conducted strain-controlled cyclic tests with different strain amplitudes (0.21%, 0.31% and 0.45%). (Gadouini et al. (2008) also performed a strain-controlled cyclic test with an amplitude of 1.2%. The results of this test are not presented here as they were not considered for parameter identification.) For the different strain amplitudes, a stabilized behaviour was usually observed after 100 cycles. The associated cyclic stress-strain curves are plotted in Figure 1 . Also, when the transient behaviour is observed (see Figure 2 ), peak stresses are found to decrease with an increasing number of cycles. The material therefore exhibits some cyclic softening. (2009) from stress-controlled fatigue tests combining normal (AE 11 ) and shear (AE 12 ) stresses. The different tests were performed with sinusoidal waveforms and zero mean stresses. Each fatigue test is thus characterized with a normal stress amplitude AE a 11 , a shear stress amplitude AE a 12 , a pulsation o and a phase angle
The introduction of the ratio k ¼ AE a 12 =AE a 11 allows for the distinction of five configurations: k ¼ 0 (tension or compression), k ¼ 1 (torsion), k ¼ 0.5/ ¼ 0 (in-phase tension or torsion), k ¼ 1/ ¼ 0 (in-phase tension or torsion) and k ¼ 0.5/ ¼ 90 (out-of-phase tension or torsion). The experimental S-N curves obtained for the different configurations are plotted in Figure 3 . The stress amplitude is given in the form of a von Mises equivalent stress amplitude AE a eq whose definition is 
Parameter identification
To identify the material parameters for the SAE 1035 steel, the following strategy was adopted. First, single-crystal elastic constants were taken from Sakata et al. (1989) for ferrite and from Ledbetter (2010) for cementite. Then, for ferrite, the parameters associated with the viscoplastic flow rule (R 0 , K and N), the isotropic hardening rule (Q, B and H) and the kinematic hardening rule (A and D) were determined to match the experimental stress-strain curves obtained from straincontrolled cyclic tests. In this case, the interaction matrix H is of size N ¼ 24. It is constructed from two coefficients: one for self-hardening and one for latent hardening. As shown in Figures 1 and 2 , apart from the first cycle, the constitutive model provides a correct description of the cyclic behaviour. Finally, the material parameters relative to damage (Z, W, M and P) were adjusted to reproduce the experimental S-N curves. The material parameters are given in Table 3 . The fracture criterion used for computing the number of cycles to failure is based on the observation of the maximal value of the damage variable. More specifically, if the damage variable reaches a critical value (denoted d c ) for at least one slip system of one crystallite then the polycrystalline aggregate is considered to be fractured. The fracture criterion therefore reads
In this work, a value of 1 has been used for d c . According to Figure 3 , the agreement between numerical and experimental results is correct for the different loading conditions. Also, the proposed polycrystalline model enables calculation of the fatigue strength at 10 6 cycles for the different loading configurations. As shown in Figure 4 , when compared with the estimates obtained from some common fatigue criteria (Crossland, 1956; Dang Van, 1973) , only the present model is able to account for the influence of non-proportionality. The present model thus seems capable of correctly describing the influence of loading conditions with a limited number of damage-related parameters.
Results
The proposed model allows for determination not only of the macroscopic behaviour but also the evolution of the local state. Indeed, it is possible to observe the evolution of the different state variables associated with a specific crystallite to better understand the development of damage, depending on the loading conditions. Figure 5 shows the evolution of the damage variable associated with the critical system (i.e. max V (max s (d s ))) for different loading configurations. Independently of the loading conditions, the same type of evolution is obtained. A slow accumulation of damage is observed during the first stage of cyclic loading, while the final fracture is preceded by an important acceleration of the damage process.
To better understand the coupling between damage and plasticity, the damage variable d s , obtained for each slip system of the polycrystalline aggregate, is plotted as a function of the corresponding plastic shear strain variable j s j in Figure 6 . The damage and plastic shear strain variables have been calculated at the end of the 10,000th cycle for the different loading configurations. For each loading configuration, the stress amplitudes AE a 11 and AE a 12 correspond to a number of cycles to failure N f of approximately 1 Â 10 6 . As shown in Figure 6 , independently of the loading mode, damage is found to be highly localized in some specific systems. Also, although damage is generally important for slip systems with an important plastic activity, the critical system, for which the damage variable is maximal, does not display the highest plastic shear strain. Indeed, while plastic slip is governed by shear stresses only, the evolution of damage for a given slip system depends on both shear and normal stresses. As a result, the orientation of the critical system is strongly influenced by the competition between shear and normal stresses.
The impact of fatigue damage on elastic properties is evaluated by plotting the evolution of both the macroscopic and local Young moduli along the axial loading direction (direction 1) for the different loading configurations. To illustrate the influence of the unilateral damage condition, the minimum (upon tension) and maximum (upon compression) values of the elastic moduli are given for each loading cycle. The evolution of the macroscopic Young modulus is plotted in Figure 7(a) . Independently of the loading configuration, no significant degradation of macroscopic elastic properties is observed because fatigue damage is highly localized in some specific crystallites. The evolution of the local Young modulus, which is calculated for the crystal containing the most critical system, is presented in Figure 7 (b). Except from torsion, a progressive decrease of the Young modulus is observed for the different loading configurations. For the specific case of torsion, the local Young modulus is not significantly affected because of the anisotropic nature of damage. Indeed, for this loading configuration, the absence of normal stress strongly limits the impact of damage along the axial direction. Also, as shown by the compression and tension moduli, the introduction of an unilateral damage condition renders the elastic behaviour asymmetrical at the local scale. At the macroscopic scale, no major difference between tension and compression moduli is observed.
To better understand how the dissipative behaviour is affected by damage, the contributions of plasticity and damage to the macroscopic dissipation source D 1 were calculated. The macroscopic dissipation source D 1 is given by the volume average of the local dissipation source d 1 For a given loading cycle, the average heat-dissipated energy per cycle is obtained by integrating the macroscopic dissipation source D 1 over one cycle period. To determine which mechanism is predominant, the evolution of the relative contribution of damage to the average heat-dissipated energy per cycle as a function of the number of cycles is plotted in Figure 8 for the different loading configurations. For any loading configuration, and even when the damage rate is important (i.e. prior to the final failure), the contribution associated with damage is negligible in comparison with the contribution associated with plasticity. Moreover, various previous studies have mentioned a possible relation between high cycle fatigue properties and energy dissipation (La Rosa and Risitano, 2000; Luong, 1995) . To study this relation, the average heat-dissipated energy per cycle is plotted as a function of the number of cycles to failure N f in Figure 9 . The average heat-dissipated energy per cycle is calculated for the 10,000th cycle, which corresponds to a steady state for all loading conditions. According to Figure 9 , no clear correlation between heat dissipation and fatigue failure is observed. More specifically, an increase in the average dissipated energy per cycle is not necessarily associated with a reduction in the number of cycles to failure. A fatigue criterion solely based on dissipated energy would therefore appear to be inappropriate for multiaxial loading conditions.
Conclusions
In this paper, a micromechanical approach is proposed to model the high cycle fatigue behaviour of metallic materials. To account for the anisotropy of elastic and plastic single crystal properties, the constitutive model is developed at the crystal scale within the context of crystal plasticity. The introduction of a damage variable for each slip system enables description of the progressive degradation of mechanical properties. The anisotropic nature of damage is considered through the relation between the damage variables and the elastic stiffness tensor. For a given slip system, the evolution of damage is governed by both the elastic strain energy release rate and the plastic shear strain rate. A strong coupling between plasticity and damage is therefore assumed. To account for the polycrystalline nature of metallic materials, the local constitutive model is implemented within a self-consistent formulation.
The validity of the proposed model has been evaluated by studying the fatigue behaviour of a medium carbon steel (SAE 1035). The material parameters were adjusted from the experimental dataset obtained by Flacelie`re et al. (2007a,b) , Gadouini et al. (2008) and Vu (2009) . Even for complex loading conditions (e.g. out-of-phase combined tension-torsion), the model enables correct reproduction of the fatigue behaviour.
According to the model, independently of the loading conditions, fatigue damage is highly localized in some specific crystallites. As a result, although an important stiffness reduction is observed at the crystal scale, the macroscopic elastic properties are not significantly impacted by damage. In addition, the contribution of damage to the macroscopic dissipation source is found to be negligible in comparison with the contribution associated with plasticity. Finally, when the number of cycles to failure is compared with the heat dissipated energy for different loading conditions, no evident correlation between fatigue damage and heat dissipation is observed.
Declaration of Conflicting Interests
The author(s) declared no potential conflicts of interest with respect to the research, authorship, and/or publication of this article.
